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Mixed Quantum-Classical Dynamics
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Fewest-Switch Surface Hopping
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EOM: Fewest-Switches Surface Hopping (FSSH) (adiabatic representation):
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Nuclei are propagated 
Classically

Electrons are treated 
Quantum Mechanically 

Hopping Probabilities 

Nonadiabatic Algorithm 
for surface hopping 



Fewest-Switch Surface Hopping

Crespo-Otero; Barbatti. Chem Rev 2018, 118, 7026
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Wave packet propagation

Surface hopping propagation

• Wavepacket is mimicked by a swarm 
of independent classical trajectories 
propagated on a single PES. 

• FSSH dictates the nonadiabatic events. 

• The wavepacket branching/bifurcation 
will be captured on average over all the 
trajectories. 



Initial Conditions

• Initial geometry

• Initial velocity

• Initial electronic state 

• Initial TDSE coefficients
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MQC Dynamics
build an ensemble of 
nuclear points {R, P}

BUT WHY ENSEMBLE



A classical particle 
is a particle (!)

A quantum particle 
delocalizes over space



We do not directly observe <(r,t).

Wave function
<(r,t) = a + ib

Repeated measurements tend to
|<(r,t)|2 = a2 + b2

Swarm of Classical trajectoriesQM Wavefunction 



Nuclear Ensemble Approach

• Classical Harmonic oscillator

• Uncorrelated Quantum Harmonic Oscillator (Wigner Distribution)

• Correlated quantum Harmonic Oscillator

• Pick points from previous dynamics

• Random Velocities 

Wigner Distribution: linking wavefunction to a probability distribution in phase space (position, momenta) 
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E. P. Wigner, On the quantum correction for thermodynamic equilibrium, Phys. Rev. 40, 749 (1932).
M. Hillery, R. F. O’Connell, M. O. Scully, and E. P. Wigner, Distribution functions in physics: Fundamentals,
Phys. Rep. 106, 121 (1984).
Y. S. Kim and E. P. Wigner, Canonical transformations in quantum mechanics, Am. J. Phys. 58, 439 (1990).



Nuclear Ensemble Approach 

• Sampling ground-state density at the initial time considering the harmonic approximation 
and employing the Wigner distribution 
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• A stochastic algorithm generates an ensemble of 𝑁* normal coordinates from the Wigner 
distribution and then they are converted to Cartesian geometries. à {R, P}

Rachel Crespo-Otero and Mario Barbatti, Theor Chem Acc 131, 1237 (2012).



Absorption Spectra

The absorption cross-section
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v Electronic Structure: 
 ORCA – Prof. Frank Neese, MPI Mulheim
 https://www.faccts.de/orca/ 

v Surface Hopping Dynamics:
 Newton-X – Prof. Mario Barbatti, Aix-Marseille University
 https://newtonx.org/

https://www.faccts.de/orca/
https://www.faccts.de/orca/


Windows User: MobaXterm

Mac User: Terminal
Go to “Launchpad” 
  à look for “Terminal” 









NEA Wigner Sampling: Pyrazine

1000 Initial Conditions



U. Werner, r. Mitric, T. Suzuki, V. Bonacic-Koutecky, Chem. Phys. 349, 319 (2008).

Absorption SpectraPrevious Simulation

Experimental

Current Simulation



Selected Initial Conditions

~ 50 Initial Conditions



Pyrazine: PESs Topology 



Fewest-Switch Surface Hopping

17

� �
2

2

1d
dt M

D

D

 
R F R � � LED ��F R

J
K K JK

K

dc ic E
dt

V§ · � �¨ ¸
© ¹

¦ � � K
JK J t

\V \ w
{

w
R

EOM: Fewest-Switches Surface Hopping (FSSH) (adiabatic representation):
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Initial Geometries

Initial Velocities 

Initial Electronic State 

Initial TDSE coefficients

What to do with NAC 𝝈 



Time-dependent Baeck-An (TDBA) NAC 
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which implicitly assumes that Q̂ direction is constant. 
In the previous expression, tc is the time at which the  
molecule reaches Rc.

In FSSH20, the quantity of interest is the time-derivative  

coupling JL JL
dJ Ldt

σ ≡ = ⋅v h  (see Section IV), which using  

Equation (10) simplifies to
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Note that all references to Q cancel out in Equation (11).

To enforce the condition t y tc, we notice that whenever the mol-
ecule moves near a minimum of $EJL, the square-root argument  
in Equation (11) must be positive. Thus, we assume that 
the coupling is null for negative arguments, and the TD-BA  
nonadiabatic coupling becomes 

( ) 2 2

2 2

2

2

sgn 1 1
if 0

2

1
0 if 0

JL JL JL

JL JL
JL JL

JL

JL

E d E d E
E Edt dt

d E
E dt

σ

 ∆ ∆ ∆ >
∆ ∆≡ ⋅ ≈ 

∆ ≤ ∆

v h  (12)

Although the conditions in Equation (12) are not sufficient to 
detect t y tc (the square root argument may still be positive away 
from the minimum gap), they make a good job screening the  
relevant crossing regions during dynamics, as our tests show.

IV. Using the TD-BA model in surface hopping
The FSSH hopping probability from L to J is computed as20
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where LJ is the time derivative coupling given by the TD-BA 
approximation in Equation (12), and the complex coefficients 
c are the solution of the locally-approximated time-dependent  
electronic Schrödinger equation

                           J
J JK K

K

dc i E c
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σ = − +  ∑ �                            (14)

$  in Equation (13) is the timestep for integrating Equation (14).  
It is, in general, much smaller than $t, the timestep to integrate  
the classical equations of motion.

As usual, the FSSH over-coherence should be corrected and,  
here, we adopted the simplified decay of mixing38.

Because the h direction is unknown, the velocity adjustment  
after hopping should be made in the direction of the linear  
momentum p39.

V. Computational details and datasets
We have used ethylene and fulvene (Figure 1) dynamics to test 
the method. All calculations were done with the multiconfigu-
rational self-consistent field (MCSCF) method state-averaged  
over three states for ethylene and two states for fulvene. Details 
on the computation level of ethylene are discussed in Ref. 39  
In brief, the active space was composed of five separate  
complete active subspaces: the first subspace contained 
four electrons and four orbitals (P, S, P*, S*), and each of 
the other four subspaces contained two electrons in two 
orbitals (S, S*). Thus, the active space can be denoted as  
[CAS(4,4) ْ 4×CAS(2,2)]. For fulvene, we adopted a stand-
ard CAS(6,6) complete active space. The 6-31G(d) basis  
set40 was used in both cases.

Dynamics was simulated with decoherence-corrected38 fewest 
switches surface hopping20 for a maximum of 200 fs for ethyl-
ene and 60 fs for fulvene. The classical equation were integrated 
with $t = 0.1 fs steps. The quantum equations were integrated 
with $  = 0.005 fs steps, using interpolated electronic quan-
tities between classical steps. Decoherence corrections were  
applied with the standard 0.1 au parameter38.

For ethylene, one set of 500 trajectories was run with the  
TD-BA model. For the analysis, the TD-BA dataset was com-
pared to surface hopping based on exact nonadiabatic coupling 
vectors with h-adjusted and p-adjusted velocities. These two  
datasets, also composed of 500 trajectories each, are the same 
ones discussed in Ref. 39. For fulvene, we run three data-
sets of 200 trajectories each, one with the TD-BA model, and 
other two with exact nonadiabatic coupling vectors using  
h-adjusted and p-adjusted velocities.

For both molecules, the TD-BA model was applied with 
analytical second time derivatives from quadratic regres-
sion ($T = 0.4 fs) and  = 0.1 au. The conditions asso-
ciated to  and  parameters were not applied. See  
Subsection VI.A for the definition and discussion of these four  
parameters.

The initial conditions were sampled from a harmonic oscilla-
tor Wigner distribution of the nuclei. For ethylene, they were 
restricted to the 9.30 ± 0.25 eV excitation window39. For ful-
vene, the initial conditions were restricted to the 4.00 ± 0.34 eV  
window.

The MCSCF calculations were done with Columbus (ver-
sion 7, 09-Oct-2020)41,42. Dynamics was done with Newton-X 
(version 2.2 build 15)7,43 interfaced to Columbus. DC-FSSH 
based on TD-BA couplings with all options discussed in this 
paper is available in Newton-X version 2.2 build 15 or higher, 
to be used with any of the electronic structure methods and  
programs interfaced to Newton-X.

All datasets for ethylene and fulvene, with all Newton-
X input and output files, are freely available (see Data  
availability)44–46.
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K. K. Baeck, H. An, J. Chem. Phys. 146, 064107 (2017).
M. T. do Casal, J. Toldo, M. Pinheiro Jr., M. Barbatti, Open Res Europe 1, 49 (2022).







Analysis: Population Profile

80 Trajectories



Analysis: S3 Lifetime 

FSSH: U. Werner, R. Mitric, T. Suzuki, V. Bonacic-Koutecky, Chem. Phys. 349, 319 (2008).
QD: P. Puzari, R. S. Swathi, B. Sarkar, S. Adhikari, J. Chem. Phys. 123, 134317 (2005).

MQC dynamics
FSSH (cioverlap)

Quantum dynamics
TDDVR

MQC dynamics
FSSH (TDBA)



Analysis: S3 Lifetime 

FSSH: U. Werner, R. Mitric, T. Suzuki, V. Bonacic-Koutecky, Chem. Phys. 349, 319 (2008).
Expt.: V. Stert, P. Farmanara,  W. Radloff, J. Chem. Phys. 112, 4460 (2000).

MQC dynamics
FSSH (TDBA)

S3 Lifetime (fs)

Experiment 20 ± 10

FSSH (NAC – cioverlap) 21.1 

FSSH (NAC – TDBA) 28 ± 8



Analysis: Hopping

Exponential Distribution 
S3/S2 Conical Intersection 

Gaussian Distribution
S2/S1 Avoided Crossing

80 Trajectories



Analysis: Calculated TRPES

cited states while the ground state is not populated within the time
window of the simulations (cf. Fig. 2). In order to investigate the
accuracy of our approach in Fig. 3a we present the comparison of
our results with full quantum dynamics calculations in the frame-

work of the time-dependent discrete variable representation
(TDDVR) [25] method given in Fig. 3b. Our decay of the population
of the S2 state agrees well with the full quantum mechanical result.
Furthermore our lifetime of 21.1 fs is in perfect agreement with the
only available experimental value of ! 20 fs [27]. This demon-
strates that our TDDFT approach for nonadiabatic dynamics can
accurately describe radiationless relaxation in complex systems.
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Fig. 3. Comparison of the S2 population decay of pyrazine (a) obtained with TDDFT
approach and (b) the calculations of Puzari et al. [25] with a quantum mechanical
treatment using the time-dependent discrete variable representation (TDDVR)
method with a 24-mode model Hamiltonian. The lifetime of the S2 state of (a) was
determined by exponential fitting (dashed line) giving rise to 21.1 fs which is in
agreement with the lifetime of approximately 20 fs of (b).

Fig. 4. Calculated time resolved photoelectron spectrum (TRPES) of pyrazine ave-
raged over 60 trajectories obtained from the nonadiabatic dynamics illustrating the
population transfer from S2 to the S1 state.
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Fig. 2. Time dependent population of the excited states of pyrazine after excitation
to the S2 state: 11B3u (S1) (red), 11Au (green), 11B2u (S2) (blue) and 11B2g (yellow)
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.) .
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Fig. 5. (a) Velocity autocorrelation function averaged over 9 trajectories. (b) Fourier
transform of the averaged velocity autocorrelation function (red line). Three vibr-
ational modes v1, v9a and v2 are drawn which are identified as the leading modes in
the dynamics (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.).

U. Werner et al. / Chemical Physics 349 (2008) 319–324 323
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U. Werner, R. Mitric, T. Suzuki, V. Bonacic-Koutecky, Chem. Phys. 349, 319 (2008).



Analysis: Power spectrum

U. Werner, R. Mitric, T. Suzuki, V. Bonacic-Koutecky, Chem. Phys. 349, 319 (2008).

Power Spectra: 
Fourier transform of the velocity autocorrelation function ( ) ( ) ( ) i tP v v t e dtw
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cited states while the ground state is not populated within the time
window of the simulations (cf. Fig. 2). In order to investigate the
accuracy of our approach in Fig. 3a we present the comparison of
our results with full quantum dynamics calculations in the frame-

work of the time-dependent discrete variable representation
(TDDVR) [25] method given in Fig. 3b. Our decay of the population
of the S2 state agrees well with the full quantum mechanical result.
Furthermore our lifetime of 21.1 fs is in perfect agreement with the
only available experimental value of ! 20 fs [27]. This demon-
strates that our TDDFT approach for nonadiabatic dynamics can
accurately describe radiationless relaxation in complex systems.
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treatment using the time-dependent discrete variable representation (TDDVR)
method with a 24-mode model Hamiltonian. The lifetime of the S2 state of (a) was
determined by exponential fitting (dashed line) giving rise to 21.1 fs which is in
agreement with the lifetime of approximately 20 fs of (b).
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raged over 60 trajectories obtained from the nonadiabatic dynamics illustrating the
population transfer from S2 to the S1 state.
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Fig. 2. Time dependent population of the excited states of pyrazine after excitation
to the S2 state: 11B3u (S1) (red), 11Au (green), 11B2u (S2) (blue) and 11B2g (yellow)
(For interpretation of the references to colour in this figure legend, the reader is
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Fig. 5. (a) Velocity autocorrelation function averaged over 9 trajectories. (b) Fourier
transform of the averaged velocity autocorrelation function (red line). Three vibr-
ational modes v1, v9a and v2 are drawn which are identified as the leading modes in
the dynamics (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.).
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cited states while the ground state is not populated within the time
window of the simulations (cf. Fig. 2). In order to investigate the
accuracy of our approach in Fig. 3a we present the comparison of
our results with full quantum dynamics calculations in the frame-

work of the time-dependent discrete variable representation
(TDDVR) [25] method given in Fig. 3b. Our decay of the population
of the S2 state agrees well with the full quantum mechanical result.
Furthermore our lifetime of 21.1 fs is in perfect agreement with the
only available experimental value of ! 20 fs [27]. This demon-
strates that our TDDFT approach for nonadiabatic dynamics can
accurately describe radiationless relaxation in complex systems.

0 10 20 30 40 50 60
time [fs]

0

0.2

0.4

0.6

0.8

1

S 2 p
op

ul
at

io
n

lifetime = 21.1 fs

0 10 20 30 40 50 60
time [fs]

0

0.2

0.4

0.6

0.8

1

S 2  
po

pu
la

tio
n

Fig. 3. Comparison of the S2 population decay of pyrazine (a) obtained with TDDFT
approach and (b) the calculations of Puzari et al. [25] with a quantum mechanical
treatment using the time-dependent discrete variable representation (TDDVR)
method with a 24-mode model Hamiltonian. The lifetime of the S2 state of (a) was
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