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kpk kHiW  22


Transition rate:
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induced
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Time-dependent formulation

pHHH  0
H0 – Non-perturbated Hamiltonian
Hp – Perturbation Hamiltonian

0





 


 H
t

i

 n which solves:   00  nEH n

ijji  and ijji EE 
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  
n

tiE
n neta n

pHHH  0

0





 


 H
t

i

Prove it!

Multiply by at left and integrate

    knk i t
p n

n

da t
i k H n a t e

dt


k
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An approximate way to solve the differential equation

    knk i t
p n

n

da t
i k H n a t e

dt


Guess the “0-order” solution:  (0)
na t

Use this guess to solve the equation and to get the 1st-order approximation:  (1)
ka t

   
(1)

(0) knk i t
p n

n

da t
i k H n a t e

dt


Use the 1st-order to get the 2nd-order approximation and so on. 

   
( )

( 1) kn

p
k i tp

p n
n

da t
i k H n a t e

dt
 
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Suppose the simplified perturbation:






0

'
kn

p
H

nHk Constant between 0 and 
Otherwise

t
0 

'
knH

0

nHk p
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 









0

')1(

n

ti
ninmk

kneH
dt

tdai



Between 0 and 
Otherwise

   
ki

kii
ik

ti
ikk

knki eHdteHai

   2/sin2 2/'

0

')1(  

It was used:
 /2

0

sin / 2
2

a ikx ika ka
e dx e

k

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   
22

22'2 2/sin4
ki

ki
ikkik HaP







0

0.0

0.2

0.4

0.6

0.8

1.0

si
n(


)2 /
2



Only transitions with  ~ 0 
take place.
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
kneark

ikk PW
'

'
1


i

kk ,

Near k: density of states dE
dn

k 

  kikikkkik
kneark

ikk dPdEPPW 





11
'

'
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  kikikkkik
kneark

ikk dPdEPPW 





11
'

'

Using 
 

22

22' 2/sin4
ki

ki
ikik HP







kikk HW  2'2




 





 ki
ki

kikk dHW
ki







 2

22' 2/sin141


2/
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Suppose the harmonic perturbation:

†i t i t
p kn knk H i H e H e  

Hkn

-Hkn

0

t0 
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   
   

(1) †

0

†1 1

ki

ki ki

i ti t i t
k ki ki

i t i t

ki ki
ki ki

i a H e H e e dt

e eH H

  

   



   



 

 

  
    



.

.

. Repeat same steps as before

 22
i k ki k iW H E E      


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kpk kHiW  22




Transition rate between states i and k:

(First order time-dependent perturbation theory)

pi H k

t0 
0

Hik

constant Oscillating ()pi H k
Hik

-Hik

0

i kP is max for  0i kE   i kP is max for  i kE   

(Internal conversion, collision) (Photoinduced)
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Oscillator strengths
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 1
2ki FH  μ E

Light-matter perturbation Hamiltonian in dipole approximation:

 2

22i k F ikW i k      μ E


Transition rate:

i

kk ,

ik0

EF

-EF

   1cos
2

i t i t
p F Fk H i t e e      μ E μ E

Electric field 
amplitude

Molecular
dipole
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1 1

at elN N

n n m N ik e
n m

i k i e Z k i k
 

 
    

 
 μ R r μ μ

0
Electronic 
transition 
dipole moment


̂

μ

 
2

2

2
ˆ

2 e
F

i k ik
EW i k       μ


 2

22i k F ikW i k v v    μ E


Anisotropic case:

   
2

2

2

1
3 2

F
i k e ik

EW i k      

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 

   

2
2

2

2

2
0

6

3

F
i k e ik

e
ik

EW i k

i k

    

 
  



  

 





  2
0

1
2 FE  

Where the density of radiant energy is:

 
2

'
2

03
e

i k i k ik

i k
W W d

 
 

    

Einstein coefficient B for absorption
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i

k

ik

iN

Rate of absorption i → k iik
a

ik NBW 

Einstein coefficient B for absorption



ng - degeneracy of state n

2

2
03

ek
ik

i

i kgB
g
 





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i

k

ki

kN

Rate of stimulated emission k → i kki
st

ki NBW 

Einstein coefficient B for stimulated emission

ki
k

i
ik B

g
gB 


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i

k

ki

kN

Rate spontaneous decay k → i 2NAW ki
sp

ki 

Einstein coefficient A for spontaneous emission

ki
ki

ki B
c

A 32

3






ki
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ki
ki

ki A
e
mcf 22

3
02






In atomic units:

ki
ki

ki A
E

cf 2

3

2

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kiki
ki fE

c
A 2

3

2
1




1

2

R

E

If E21 = 4.65 eV and f21 = -0.015, 
what is the lifetime of the excited state? 

au

eVE

 .1708840
211396.27/65.4

65.421






au10

2

3

21

1029.0
)015.0()170884.0(2

)137(




  

ns
s

70
104189.21029.0 1710

21


 

Converting to nanoseconds:
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

E

 0
2 2

4mcf E dE
he n


 

A
A

For a Gaussian peak:

 
 2

max
2

max e
E E

EE 





max1.6f E 
E in eV
max in Å2/molecule 
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• Hilborn, Am J Phys 50, 982 (1982)

2 3
2

12 213
1 21

g cB A
g

 





Example:
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11,

22 ,

21,

12 ,

0

x

E

0 H11

H22 E2

E1

Problem: if the molecule prepared in state 2 at x = ∞ moves through a region 
of crossing, what is the probability of ending in state 1 at x = ∞?

H12

• Desouter-Lecomte and Lorquet, J Chem Phys 71, 4391 (1979)



L I G H T  A N D
M O L E C U L E S

28

xFHH 122211 
constant, 1212 FH

1. Landau-Zener












12

2
122exp
F

H
v

P




2. Demkov / Rosen-Zener

constant21  EE
 /sech1212 xhh x

 







 
 xvh

EEP
12

212

4
sech





3. Nikitin

 

 xAH

xAHH









expsin
2

expcos

012

02211
  

0
2

0
2

0
2

cottan2
1exp

12/cosexp















v

P



4. Bradauk; 5. Delos-Thorson; 6. …
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     





n
n

t

nnn dttHita 


exp

Multiply by at left and integrate

   



kn

nkn
k netaH
dt

tdai 

k

nkkn HH 


t

nnn dtHi




0





 


 H
t

i

In the deduction it was used:

nn

t

nn HdtH
dt
d



• Wittig, J Phys Chem B 109, 8428 (2005)
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   



kn

nkn
k netaH
dt

tdai 

Since there are only two states:

    21
212

1 etaHi
dt

tda




    12
121

2 etaHi
dt

tda




jiij  

(i)

(ii)

Solving (i) for a2 and taking the derivative: 

     
dt

tda
dt

tad
H
ei

dt
da

H
eHH 2

2
1

2

12

1

12

2211
1212


  

(iii)

Substituting (iii) in (ii):

  01
1

2
122

1
22112

1
2

 aH
dt
daHHi

dt
ad


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Zener approximation: tHH  2211

21,

x

0

E

0 11,

22 ,

12 ,

2
22 F

dx
dH



1
11 F

dx
dH



vtFxFH 1111 

vtFxFH 2222 

vtFFHH 212211 

vF12

  01
1

2
122

1
22112

1
2

 aH
dt
daHHi

dt
ad


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01

01

2
2

122
2

122
2

2

1
2

122
1

122
1

2





aH
dt

davtFi
dt

ad

aH
dt
davtFi

dt
ad





Problem: Find a2(+∞) subject to the initial condition a2(∞) = 1.

The solution is:

0
x

E

0

  12 a

  01 a   ?2 a

  ?1 a

 











12

2
12

2 exp
F

H
v

a



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The probability of finding the system in state 1 is:

 











12

2
122

2
2exp

F
H

v
aPnad





The probability of finding the system in state 2 is:












12

2
122exp11
F

H
v

PP nadad




0

0

1

Pr
ob

ab
ilit

y

|H12|
2

Pnad

Pad

0

0

1

|F12| or v

Pad

Pnad
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






 



2
12

** 2exp
H

P

Example: In trajectory in the graph, what are the probability of the 
molecule to remain in the * state or to change to the closed shell state?

0 2 4 6 8 10 12 14

-224.85

-224.80

-224.75

-224.70

-224.65

*

cs

H11 =  t

En
er

gy
 (a

u)

Time (fs)

H22 =  t

H12 =  au

cs

*

 
au0.001au/f0435.0

01126.003224.0



s


 fs104.2au1 2

time


tHH  2211

vF12 1
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Example: In trajectory in the graph, what are the probability of the 
molecule to remain in the * state or to change to the closed shell state?

43.0
001.0

011577.02exp
2

** 







 P

57.01 ***    PP cs

0 2 4 6 8 10 12 14

-224.85

-224.80

-224.75

-224.70

-224.65

*

cs

En
er

gy
 (a

u)

Time (fs)

cs

*

0.43

0.57
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0

x

E

0

0

x

E

0

v
v

For the same H12, Landau-Zener predicts:

Non-adiabatic (diabatic) Adiabatic












12

2
122exp
F

H
v

Pnad




H12
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0

x

E

0

0

x

E

0

For the same       , Rosen-Zener predicts:

Non-adiabatic (but not diabatic!) Adiabatic

v
v

 







 
 xnad vh

EEP
12

212

4
sech





xh12
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0

x

E

0

0

x

E

0

For the same  0 (H12), Nikitin predicts:

Non-adiabatic (diabatic) Adiabatic

v v

  

0
2

0
2

0
2

cottan2
1exp

12/cosexp















v

Pnad




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AB → A+B  20
2

12
2 1 exp

44 BB

G
k H

k Tk T




  
  
 
 



En
er

gy

A-B A+-B

2H12



G0
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AB → A+B

G0

AB

A+B

 2 0
12 expk H G  

• Jortner and Bixon, Adv Chem Phys 106, 35 (1999)
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The problem with the previous formulations is that 
they only predict the total probability at the end of 
the process.

If we want to perform dynamics, it is necessary to 
have the instantaneous probability.

Fewest‐switches surface hopping is a good option.
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• Femi’s Golden Rule is the key to describe transfer 
between states.
• There are many different ways of computing 
nonadiabatic transition probabilities.
• It is important to have an intuition about when 
transition is more probable.


