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Derivation of Fermi’s Golden Rule " \: | ' )

MOLECULES

Time-dependent formulation

(iha— de) =0
ot

H_. — Perturbation Hamiltonian

H = Ho +H p { Ho — Non-perturbated Hamiltonian
P

n}} which solves: (H, —E, )n)=0

ilj)=8,  and

ij

E, —E||=hao,
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Multiply by<k ‘ at left and integrate

Prove it!

7% S h ma (e

dt n




An approximate way to solve the differential equation LIGHT AND
MOLECULES

in )5 1, [n)a, (1)

n

Guess the “0-order” solution:a; " (t)

Use this guess to solve the equation and to get the 1st-order approximation:a; ’ (t)

(1)
< S, ) ()

Use the 1st-order to get the 2"d-order approximation and so on.

n S el (e
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First case: constant perturbation

Suppose the simplified perturbation:

H. Constant between 0 and 7
(k[H,ny=1"
0 Otherwise

kiHy/n)

A

H,

n

v
—t+

O%
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First order approximation

daﬁl)(’[) N Z H nm5nieiwk”t Between 0 and 7
dt ! 0 Otherwise

.2 sin(w,r/2)

ihaﬁl)(f) ~ Hi'k J‘Ofeiwkitdt _ 2Hi'keia)kn

Wy

a . sin(ka/2
[ It was used: jo e dx = 2e'@2 ( ; ) }
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0-8-“- Only transitions with ® ~ 0
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Physically meaningful qua{zt;';‘y

1
M&:=; EZFR'
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k'near k

o—r—
=

dn
Near k: density of states 0O = dE
1 1 n
W, :; Zplk - jekpkdEk - JRkpkdwk'
K'near k
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Wk:l Zplk _[ P AE, = j Proday

2 sin*(w,7/2)

Using Pik=4‘H ey
o8
_4‘ J- sin” a)k,T/Z do,
712
27, 0 12
Wk:?‘Hik o
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Second case: harmonic perturbation - | | .\ N\

MOLECULES

Suppose the harmonic perturbation:

(k|H,|i)=H e +Hje™
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First order approximation

.OT( H kieia)t +H Ijie—ia)t )eiwkitdt

[ . i(a)ki+a))t . i(a)ki—a))t

= ¢ Hy + ¢ Hlji
Wy + ; — W

Repeat same steps as before

W, :277[|Hki|25(Ek ~E, +ho)
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Transition rate between states i and k:

27T . 2
W, :—<"Hp‘k>‘ P
h
(First order time-dependent perturbation theory)
(ilH,|k) constant (i|H,|k) Oscillating ()
H, Hig
0 —_—
-Hi
0 T 0 T £
P_, ismaxfor AE;, , =0 P_,. ismaxfor AE, |, =hw
(Internal conversion, collision) (Photoinduced)
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Transition dipoles
Einstein coefficients '

s T

Oscillator strengthS ; 
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Fermi’s Golden Rule: photons

\

Light-matter perturbation Hamiltonian in dipole approximation:

<k| H p |I> = HEF COS(a)t) :%u.EF (eia)t +e—ia)t)

|
Hy :E(N'EF)

\

Molecular Electric field
dipole amplitude
Transition rate: W, :2—7;22Ki |p|k>.EF ‘2 5(wik + a))
A ‘ k>9 pk
Er
0 hao;,,
-E¢
- i)
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Transition dipole moment | (s
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T 2
ik 272 ‘<'|”|k>'EF 5(Vik iV) Electronic
o transition
l dipole moment

)= ] S2,R, + S )=+l 0

n=l1 m=I

k>‘25(a)ikia)) \/\/\/\/\/\/\V\ p > &
N
11
Anisotropic case:

1 7EZ |,.
ok :E(thF)K'|ﬂe|k>‘2 (o * )

7E?2
W. = F

(iln, -
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rE;
ik — 6h§ ‘<I|lue k ‘ 5 |k—a))
7|(i| g, K
- K3|80h|2 ) P(w)d (o, t )

Where the density of radiant energy is:

1

P(C()) = EEOEé

jWdea) = 50h2 P(a)

Einstein coefficient B for absorption

18



Einstein coefficients

¢ A
A LIGHT AND|\
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Rate of absorption i — k i;‘ =B, N,

|

Einstein coefficient B for absorption

o9, flila]k)f
ik B
9, &,
J, - degeneracy of state n
o K
) . K
hay
Ni

e e e O i)
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Einstein coefficients
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Rate of stimulated emission k — i St B.N,

]

Einstein coefficient B for stimulated emission

g.
B, =9 B
k gk k
Nk
e e e O k)
a

hay,

. i)
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Einstein coefficients
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Rate spontaneous decay k i W, ." = AN,

|

Einstein coefficient A for spontaneous emission

ha;
A = 7[2;; By
Ny
— e e e O k)
Wy
nay,
5 i)
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In atomic units:
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If AE,, =4.65 eV and f,; =-0.015,
what is the lifetime of the excited state?

AE,, =4.65¢eV
=4.65/27.211396
=0.170884 au

Converting to nanoseconds:

1 =0.29%10"(2.4189x107"7s,
—70 ns

o (137)’
2 2(0.170884)%(—0.015)
=0.29x10"au

23
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Oscillator strength and experiments =
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For a Gaussian peak:

(E_Emax )2
e AE’

o(E)=0

AE 1n eV

f =1.6AEc .. o, in A2/molecule

24



Example:

A 5 3 HT AND
B® g, 7°C :CULES
12 g ha)3 AZI
1 21
1]
AE]. 1 12 .
- * Hilborn, Am J Phys 50, 982 (1982)
@ £ }Tzfj f
B, 3 1 By,
&1 Ny
f g: (13 ]
B use : %o
&1 oft Uﬂ e
o, hiow, o ,
4g, c c
<) 2?1'&‘0};:(’3 2e,mha,, 4, mhw,, 26, mc P
J > 2 2 2 2 1 Ha
gl (UEI{’ e e e
3¢, he g £,77 g g, £,ic  3g, he
uy, = 3=Le 6=Le,n® 32l =1 1 Sy
} 205, g, T g5 @y 5y 29, My, B
3¢ he g.& I’ g&,hic  3ghe
SZ] g, o 3 3 =1%o GDJEO?}_ 3 =1%o &1 g5 1
2m5, T (5, 2m,m

= - - 25
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Nonadiabatic transition probabiliti

ik =
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Non-adiabatic transitions

Problem: if the molecule prepared in state 2 at x = —o moves through a region
of crossing, what is the probability of ending in state 1 at x = +0?

E

A

—
v

* Desouter-Lecomte and Lorquet, J Chem Phys 71, 4391 (1979) o7
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Models for non-adiabatic transitions. ' | ... 0\
MOLECULES

1. Landau-Zener

2
H —H,, =AF,X |:’=€XI){—27TH12 }
H,,,AF, = constant

2. Demkov / Rosen-Zener

E, — E, = constant o _ sech{ﬂ(El —-E, )}

3. Nikitin
2 J—
H,—H, =Ac—Acosw,exp(—~ax) P= exp(/l cos” (@, /2))
expA—1
H,= —ésin w, exp(— arX) 2
2 A=-"""Agtan’ @, cot’ w,
hvo

4. Bradauk; 5. Delos-Thorson: 6. ...
28
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Derivation of Landau-Zener formula:-

-Ya (t)exp[_; ['H,, (t)dt}qﬁn}

(ihade£>

ot
Multiply by <¢k ‘ at left and integrate

ZHkn n

n=k
= <¢k ‘H ‘ ¢ > In the deduction it was used:
9y dt =
7nE_%J‘ Hnndt dt

« Wittig, J Phys Chem B 109, 8428 (2005) 29



Since there are only two states: IGHT AND
( : MOLECULES

dal (t) _ ! leaz ('[)6721 (i)
da dt h
k EZFM (t)e” _
n=k n n daz (t) ' Y t
dt = _£ H21a1 (t)e = (i)
\
Vii=Vi—7;

Solving (i) for a, and taking the derivative:

(Hy —Hy e da  ine™ d’a(t) _da,(t)
H,, dt  H, dt’ at

Substituting (iii) in (ii):

d’a, i da
d’[zl _£(H11 o sz) dt

1
1+hAHufaf:

30



d’a, i
dtzl _£(H11 o sz)

da,
dt

1 2 LIGHT AND
+hz‘H12‘ 31:0 MOLECULES

Zener approximation: H11 — sz =t

r

H,, = Fx=Fvt
H,, =Fx=Fvt

\

H,-H, = _“:1 - Fz‘Vt"

a =—AF,\Vv

31



5 LIGHT AND
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d a,
dt? dt

Problem: Find @,(+00) subject to the initial condition a,(—0) = 1.

2
a2(+00)=exp{— z ‘le‘ }

v AR,

i 1
\AFlz\t hz\Hufaz:o

The solution is:

32



Probability

The probability of finding the system in state 2 is:

LIGHT AND
272_“_' ‘2 MOLECULES
P =la (o) =expl— 12
nad ‘ 2( )‘ p hV ‘AFIZ‘
The probability of finding the system in state 1 is:
27z‘H \2
P,=1-P_, =1—exps— 12
ad nad p hV ‘AFU‘
1 -
0
0 0
IH |2 |AF_ | or v 3



Example: In trajectory in the graph, what are the probability of the
. : LIGHT AND
molecule to remain in the nc™ state or to change to the closed shell state, o, =~ s

H,)  a=-AF h=1
a H,-H,, =at

a =0.03224—(-0.01126)
—0.0435au/f5=0.001au  (lau,,, =2.4x107fs)

P

no*—>no*

= exXpy — 27

H22 = -224.60704 —-0.01126 t

-224.70 -

£) —H,,=0.011577 au
) ]
> - i
> 224.75
5 _
L -224.80+
224.85- ., = —224.98247 +0.03224 t

I T I T I T I T I T I T 1

0o 2 4 6 8 10 12 14
Time (fs) o



Example: In trajectory in the graph, what are the probability of the
. : LIGHT AND
molecule to remain in the nc™ state or to change to the closed shell state, o, =~ s

2
P = exp{— 27 0.011577 } =0.43

no*—>ro*

0.001

=1-P =0.57

ro*—>no*

0.57

-224.70 -

-224.75 -

Energy (au)

-224.80

-224.85 -

0o 2 4 6 8 10 12 14
Time (fs) %
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For the same H,,, Landau-Zener predicts: MOLECULES

Non-adiabatic (diabatic) Adiabatic

M
> [T

v

o—

I:)nad — eXp

36
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For the same h MOLECULES

|, » Rosen-Zener predicts:

Non-adiabatic (but not diabatic!) Adiabatic
E E
A A
'
Qo — o
v | T
() >
0 0
. lllllllllllllllllllllllllllllllllllllll
. X . X
I I
0 0
7(E, —E
P_. =sech’ (E, ~ )
4hvh,,

37



For the same o, (H,,), Nikitin predicts:

LIGHT AND
MOLECULES

Non-adiabatic (diabatic) Adiabatic
E E
A A “.\ V
o
0- 0 * Ag
| x2S | - %
0 exp(/I cos’ (e, /2))—1 0
I:Jnad =
expA—1
27
A=-"""Agtan’ @, cot’ w,

Vo

38
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Marcus Model (A # 0)

MOLECULES
AB — A*B- o (2+46°)
k:7‘H12‘ CXp| —
JAmAk,T 44k T

Energy

39
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Gap Law (4 = 0)

AB — A*B- koc |H,,|" exp(-aAG")

« Jortner and Bixon, Adv Chem Phys 106, 35 (1999) 40
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The problem with the previous formulations is that

they only predict the total probability at the end of
the process.

If we want to perform dynamics, it is necessary to
have the instantaneous probability.

Fewest-switches surface hopping is a good option.



Key points

* Femi’'s Golden Rule is the key to describe transfer
between states.

* There are many different ways of computing
nonadiabatic transition probabillities.

e |t is Important to have an intuition about when
transition is more probable.

42
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